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Abstract 

In this paper we consider pseudo-Riemannian spaces of arbitrary sig¬ 
nature for which all of the polynomial curvature invariants vanish (VSI 
spaces). Using an algebraic classification of pseudo-Riemannian spaces 
in terms of the boost-weight decomposition we first show more generally 
that a space which is not characterised by its invariants must possess the 
Sf^-property. As a corollary, we then show that a VSI space must possess 
the N'^-property (these results are the analogues of the alignment theo¬ 
rem, including corollaries, for Lorentzian spacetimes). As an application 
we classify all 4D neutral VSI spaces and show that these belong to one 
of two classes: (1) those that possess a geodesic, expansion-free, shear- 
free, and twist-free null-congruence (Kundt metrics), or (2) those that 
possess an invariant null plane (Walker metrics). By explicit construction 
we show that the latter class contains a set of VSI metrics which have not 
previously been considered in the literature. 


1 Introduction 

In this paper we will consider an arbitrary-dimensional pseudo-Riemannian 
space of signature {k,k + m). We will investigate when such a space has a 
degenerate curvature structure; in particular, we shall determine criteria for 
when a space, or tensor, has all vanishing polynomial curvature invariants (VSI 
space). Recall that a polynomial curvature invariant is defined as the polyno¬ 
mial invariants of the components of the curvature tensors. Previously, the VSI 
spaces for Lorentzian metrics have been studied [T] and it was shown that these 
comprise a subclass of the degenerate Kundt metrics [2]. Here, we will see that 
Kundt-like metrics also play a similar role for pseudo-Riemannian VSI metrics 
of arbitrary signature, however, we will see that another class of metrics arises 
in the pseudo-Riemannian case, namely the Walker metrics [3]. In order to 
obtain these results we will utilise invariant theory to obtain important prop¬ 
erties of the structure of tensors having degenerate invariants. In particular, 
tensors not characterised by their invariants will be shown to possess the S^- 
property, while in the VSI case they necessarily must possess the N'^-property. 
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We will use this fact to construct a new set of 4-dimensional Walker metrics 
with vanishing curvature invariants of neutral signature. 

Walker metrics are metrics possessing a invariant null-plane and have been 
studied in various contexts Elll]. Here we will show that they also play a role in 
the classification of VSI metrics. Indeed, we will give a new class of VSI metrics 
which has not been considered before. These metrics are related to a bigger 
class of Walker metrics with a degenerate curvature structure. The curvature 
structure of these metrics are distinct from the Kundt metrics known from the 
Lorentzian case. One of the consequences of this district feature is that we need 
to consider invariants containing up to four derivatives. Indeed, interestingly, 
there is a family of Walker metrics which is VSI 3 , but not VSI 4 : the perhaps 
simplest member of this family is 

ds^ = 2du{dv + Vdu) -I- 2dU{dV + av'^dU), (1) 

where a is a constant. This peculiar property of being VSI 3 but not VSI 4 has 
no analogue in the Lorentzian cas4i|. 

First we will review some of the techniques used in this paper. Then we will 
provide with the general result for tensors (or spaces) not being characterised 
by its invariants. This result is the analogue of the alignment theorem in the 
Lorentzian-signature case [S]. Then, as a corollary, we will state the important 
VSI case. We will then use this VSI result to consider the 4-dimensional neutral 
case in detail. 

1.1 Boost weight decomposition 

Let us hrst review the boost weight classification, originally used to study de¬ 
generate metrics in Lorentzian geometry [^, in the pseudo-Riemannian case 
[7]. We will assume the manifold is of dimension {2k + m) and of signature 
{k, k + m). We first introduce a suitable (real) null-frame such that the metric 
can be written as: 

ds^ = 2 -I- ■ • ■ -t- -t- ■ • ■ -I- + 5ijrn^m\ (2) 

where the indices i = 1 ,..., m. 

Let us consider the k independent boosts which forms an abelian subgroup 
of the group SO{k, k + m): 

{e-\'n}) ^ 

{t\n^) ^ 

{£\n^) ^ (e^'=€^e-^'=n'=). (3) 

This action will be considered pointwise at the manifold. 

For a tensor T, we can then consider the boost weights of this tensor, b G Z^, 
as follows. If we consider the components of T with respect to the above- 
mentioned null-frame then if a component transforms as: 

rp ^ „{bl\l+b2\2 + --- + bk^k)^ 


{e^^e\e-^^n^) 


^In the Lorentzian case, VSI 2 implies VSI while VSIi Kundt implies VSI [2]. 
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then we will say the component is of boost weight b = ( 6 i,fe 2 , 

We can now decompose a tensor into boost weights; in particular, 

T= 

bGZ'' 

where (T)b means the projection onto the components of boost weight b. The 
projections (T)i, are the eigentensors of a set of commuting operators (the in- 
hnitesimal generators of the boosts) with integer eigenvalues. For example, a 
tensor P = A(.^n'^rti^m^ with I J and A is some scalar, has boost weight 
b = {bi,...,bk) where bj = —1, bj = I, other bi = 0. Indeed, writing out a 
totally covariant tensor T using the basis in ([2|), the boost weight is given by 
b = (bi) where bi = 

By considering tensor products, the boost weights obey the following additive 
rule: 


{T®S)^= Y. (4) 

b+b=b 

We also note that the metric g is of boost weight 0, i.e., g = {g)o', hence, raising 
and lowering indices of a tensor do not change the boost weights. 

1.2 The Si- and N-properties 

Let us consider a tensor, T, and list a few conditions that the tensor components 
may fulfill [3 |H] : 

Definition 1.1. We define the following conditions: 

BI) (r)b = 0, for all b = (6i, & 2 , & 3 , ■■■, &fe), h > 0. 

B2) (r)b = 0, for all b = (0, 62 , h ,..., b^), 62 > 0. 

B3) (r)b = 0, for all b = (0, 0, 63 , &fe), &3 > 0. 

Bfc) (r)b = 0, for all b = (0,0,..., 0, 6 ^), bk > 0. 

Definition 1.2. We will say that a tensor T possesses the Si-property if and 
only if there exists a null frame such that condition BI) above is satisfied. 
Furthermore, we say that T possesses the Si-property if and only if there exists 
a null frame such that conditions Bl)-Bz) above are satisfied. 

Definition 1.3. We will say that a tensor T possesses the N-property if and 
only if there exists a null frame such that conditions Bl)-Bfc) in definition 11.11 
are satisfied, and 

(T)b = 0, for b = (0,0,..., 0,0). 

Let us also recall the following result [TUB]: 

Proposition 1.4. For tensor products we have: 

1. Let T and S possess the Si- and Sj-property, respectively. Assuming, with 
no loss of generality, that i < j, then T (g) S possesses the Si-property. 
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2. Let T and S possess the S^- and Tti-property, respectively. Then T ^ S 
possesses the Si-property. If i = k, then T S possesses the N-property. 

3. Let T and S both possess the 'H-property. Then T®S, and any contraction 
thereof, possesses the ISS -property. 

We extend this and define a set of related conditions which will prove useful 
to us. Consider a tensor, T, that does not necessarily meet any of the conditions 
above. However, since the boost weights b € C we can consider a linear 
GL{k) transformation, G : i—F, where F is a lattice in R^'. Now, if there 

exists a G such that the transformed boost weights, Gb, satisfy (some) of the 
conditions in Def ll.ll we will say, correspondingly, that T possesses the Sf- 
property. Similarly, for the N'^-property. 

If we have two tensors T and S both possessing the Sf-property, with the 
same G, then when we take the tensor product: 

(r®5)Gb= E (r)Gb®(^)Gb- 

Gb+Gb=Gb 

Therefore, the tensor product will also possess the Sp-property, with the same 
G. This will be useful later when considering degenerate tensors and metrics 
with degenerate curvature tensors. Note also that the SC-property reduces to 
the Si-property for G = / (the identity). 


1.3 Tensors not characterised by its invariants 


Another useful concept is the question when a tensor/space-time is “charac¬ 
terised by its invariants”. Henceforth, by invariants we will always mean the 
polynomial invariants. Such have been discussed in several papers both in the 
Lorentzian case, as well as in the more general case ITO]. 

We will now recall some of the definitions and concepts from invariant theory, 
see e.g., miiiiis]- For a tensor T, we define the action of the semi-simple 
group G = 0(fc, k -\- m) on the components of T as follows. For simplicity, 
assume that the components of T have been lowered: Ta^,,,ap- We form the 
iV-tuple consisting of the components of T as A = [raia 2 ...ap] € The 

action corresponds to a frame rotation and explicitly, if we consider the matrix 
g = (M“j) G 0{k, k -\-m), acting as a frame rotation guj = {M\ea ,..., M\ea}, 
the frame rotation induces an action on X through the tensor structure of the 
components: 


9{X) 



The (real) orbit 0(X) is now defined by: 


0{X) = {g{X) € I g G 0{k, k + m)}c K^. 


We can then extend this definition to a direct sum of vectors, T = T^^'>(B...(BT^‘^\ 
The action g{X) on the components are then extended through the standard 
direct-sum representaion of the group G acting on the direct sum of tensors. 

In the case of a pseudo-Riemannian space, T is a direct sum of the curvature 
tensors, 

T = Riem 0 VRiem © VVRiem © ... © V^^^Riem 


up to some sufficiently high order K. 
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Definition 1.5. A tensor T (or pseudo-Riemannian space) is characterised by 
its invariants if and only if the corresponding orbit 0(X) is topologically closed 
in with respect to the standard Euclidean topology. 

The motivation for this definition is given in [^ - essentially, the set of closed 
orbits: 

£ = {0(X) c V I 0(X) closed}, 

is parameterised by the invariants, possibly up to a complex rotation (indeed, 
the complexihed orbits ar^arameterised uniquely, the real orbits intersect these 
a finite number of times) o 

For more on these issues we would refer the reader to [mill mis]. 


2 Pseudo-Riemannian metrics not characterised 
by its invariants 

A tensor, T, satisfying the Sp-property or N'^-property is not generically de¬ 
termined by its invariants in the sense that there may be another tensor, T', 
with precisely the same invariants. The S}^-property thus implies a certain 
degeneracy in the tensor. 

Indeed: 


Theorem 2.1. A tensor T is not characterised by its invariants if and only if 
it possesses (at least) the -property. 

Proof. Assume that T is not charaacterised by its invariants; i.e., the corre¬ 
sponding orbit is not closed. Using the results of Richardson-Slodowy [12], 
there then exists a A G f8, where 25 is the vector subspace of the Lie al¬ 
gebra so{k,k -b m) consisting of symmetric matrices (so that 5o{k,k -\- m) = 
18 0 A, where A is the Lie algebra of the maximal compact subgroup), such that 
exp(rA)(T) — >• p. We note that the maximal compact subgroup of SO{k,m-\-k) 
is K = SO{k)xSO{m-\-k), which we represent as g = (gi, 32 ) € SO{k)xSO{m-\- 
k). The X can be represented as: 


Ofc 


s 

Om+/c 


(5) 


where S' is an fc x (fc + m) matrix. The transformation, g~^Xg induces a trans¬ 
formation of S according to gf^Sg2, ( 51 , 52 ) G SO{k) x SO{m-\-k). Thus by the 
singular value decomposition we can always find a g € K such that S is diagonal: 
S = diag{Xi, ...^ Xk)- This therefore corresponds to a pure boost; specifically, 
by applying a null-frame the X will be represented the boost given in eq.(|3|). 
Henceforth, let us represent A = (Ai,.., Afc) as a vector. Then if the tensor T is 
decomposed using the corresponding boost-weight components relative to the 
null-frame; i.e., T = write: 


exp(TA)(r)b = exp(Tb • A)(T)b (6) 

where b • A = X]r=i ^i^i- the limit r —>■ 00 , exp(TA)(T) has to approach 
p which is finite: hence, if (T)b ^ 0 we get the requirement b • A < 0. In 


^In 1121 they denote this set as VjjG. 
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particular, 


exp(rb • A)(r)b 
exp(rb • A)(T)b 

all other (T)b must be zero: 


(T)b, b.A = 0, 
0, b • A < 0, 


(T)b = 0, b-A>0. 


(7) 

( 8 ) 


Using a G G 0{k) transformation in boost-weight space we can align A with 
the hrst basis vector so that GA = |A|(1,0, 0, ...0). Thus the requirement eq.(|S]) 
implies that T fulfills the Sf^-property. □ 


2.1 The VSI properties 

For the VSI spaces we now get an important corollary: 

Theorem 2.2. For a tensor T in pseudo-Riemannian space the following is 
equivalent: 

1. T has only vanishing polynomial invariants (VSI). 

2. Any operator constructed from T (hy rasing/lowering indices, eontrac- 
tions, and tensor products) is nilpotent. 

3. T possesses the -property. 


Proof. The proof of 1 2 follows from Furthermore, 3 1 follows from 

this work also. Left to prove is thus 1 => 3. 

From the proof of theorem 12.II we see that tensors having all vanishing in¬ 
variants must either have closed orbits, or it has a limit which approaches an 
element in this closed orbit. We note that the zero-tensor T = 0 has a closed 
orbit, and since the complex orbit consists of only the zero element, the zero- 
tensor must be the unique tensor which has closed (real) orbits. Thus, we can 
choose the limit in the proof to be p = 0. This implies that eq.® turns into 
the stronger requirement: 


(T)b = 0, b-A>0. (9) 

By the same transformation matrix G, we write GA = |A|(1, 0,0,..., 0) and the 
N'^-property follows. □ 


3 4D Neutral space: all VSI metrics 

The even-dimensional case with signature {k, k) (i.e., m = 0) is called the neutral 
case. Let us consider the 4D neutral case which is of particular interest (see, 
e.g., [HIE]); in particular, we will use the above theorem to find all neutral VSI 
spaces of dimension 4. Such spaces has been studied before, however, only spaces 
satisfying the N-property were investigated. Although it was noted that the 
N'^-property was sufficient for VSI this possibility was not investigated in detail. 
Indeed, we will show that there are VSI spaces satisfying the N'^-property, but 
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not the N-property thus establishing a new class of VSI spacetimes. We also 
derive all such metrics and show that they are all Walker metrics possessing an 
invariant null-plane. 

In 4D neutral signature we thus get two classes of metric, the Kundt metrics 
and the Walker metrics. These will be reviewed in what follows. We will also 
utilise the work of Law [3] where all the spin-coefficients of 4D neutral space were 
investigated. Using Law’s notation, we adopt the sligthly modified null-frame 
{£,n,Tn,'m) = ,n^ ,—-n?) so that metric ([ 21 ) can be written: 

ds^ = 2in — 2mm. ( 10 ) 

In the neutral case, this frame is purely real. With respect to such a frame. Law 
defined the spin-coefficients which we will use in proving the main theorem. 
In [3] Law writes the spin-coefficients in terms of n, p, cr, r, e, a, /?, 7 , 
and their tilded (it, p,....), primed (k', p', .•■•)> primed-tilded (it', p',....) 
counterparts. All these spin-coefficients are real. For example, the covariant 
derivatives of the frame-vector can be written as: 


m^S/bt 

n^S/bt 


(e -b e)r -b Km‘^ -b 
(a -b -b fTm“ -b pm“, 
(a -b /3)^“ -b pm“ -b (Tm“, 
( 7 -b 7 )r-b fm“-b rm“, 
etc. 


( 11 ) 


We refer to [3], in particular, eqs.(2.10-2.II) therein, for details. 


3.1 Invariant null planes: Walker metrics 

Here, we will consider the 4D neutral spaces which possesses an invariant null- 
plane. Such metrics are known as Walker metrics. 

Consider two orthogonal null-vectors i and m. These span an invariant 
null-plane iff 

Va{i ^rn) = ka{£ Am), (12) 

for a vector ka- Using [4] this immediately implies the vanishing of certain 
spin-coefficients : 

K = p = a = T = 0. 

Indeed, one can see that the vanishing of these spin-coefficients imply the exis¬ 
tence of an invariant null-plane (hence, it is a Walker metric). 

Furthermore, Walker [3] showed that the requirement of an invariant 2- 
diinensional null plane implies that the (Walker) metric can be written in the 
canonical form: 

ds^ = 2dM(df -b Adu + CdU) -b 2dU{dV -b BdU), (13) 

where A, B and C are functions that may depend on all of the coordinates. 

In particular, this implies that we can choose a frame such that [3] 

K = p = a = T = e = P = 0, a' = 7'=p'=T' = 0, (14) 

k = p = d = e = 0, /3' = 7 ' = if' = f' = 0. (15) 

We note that a needs not be zero, and hence, these Walker metrics need not be 
Kundt spacetimes (see below). 
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3.2 Pseudo-Riemannian Kundt metrics 

In the Lorentzian case the Kundt metrics play an important role for degenerate 
metrics, and VSI metrics in particular [I]. Their pseudo-Riemannian analogues 
also play an important role for pseudo-Riemannian spaces of arbitary signature 

[siiin]. 

We define the pseudo-Riemannian Kundt metrics in a similar fashion, namely: 

Definition 3.1. A pseudo-Riemannian Kundt metric is a metric which pos¬ 
sesses a non-zero null vector t which is geodesic, expansion-free, twist-free and 
shear-free. 

This implies that, in terms of the spin-coefficients defined in [3], that a space 
is Kundt if and only if there exists a frame such that: 

K = K = p = p = a = a = 0. (16) 

Therefore, we will consider metrics of the form (which is equivalent to the 
above definition) 

ds^ = 2du[dv + H{v,u,x'")du + WA{v,u,x^)dx^] + gAB{u,x^)dx^dx^ (17) 

(here, the indices A, B range over the null-indices I = 2,3. The metric (fTTll 
possesses a null vector field £ obeying 

and consequently it is geodesic, non-expanding, shear-free and non-twisting. 
Since this is a pseudo-Riemannian space of signature (2, 2), then the transverse 
metric 

dsj = gAB{u,x'")dx^dx^, 

will be of signature (1,1). 

3.3 The 4D Neutral VSI theorem 

Let us now state an important result regarding the deterimination of all 4D VSI 
metrics. 

Theorem 3.2. A 4D Neutral VSI metric is of one (or both) of the following 
types: 

1. A Walker metric possessing an invariant 2-dimensional null-plane. 

2. A Kundt metric. 

In order to prove this theorem one needs to consider theorem 12.11 and con¬ 
sider the covariant derivatives (Riemann). We will prove the theorem using 
two different methods, one is the more indirect method using the one-parameter 
family of boosts Br = e'^^, the other is the direct method by explicitly com¬ 
puting the covariant derivatives. These two illustrate two conseptually different 
methods and both provide us with separate information about the underlying 
structure of these spaces. For example, while the first is a more ’elegant’ proof, 
the second gives some information of how many derivatives are necessary and 
provides with more details about the various special cases. 

®If, in addition Ln = Lu = 0, the vector is also recurrent (hence. Walker), and if 
Lii = Lu = Lii = 0, then is covariantly constant. 
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I. The boost method Let us employ the frame which is aligned with the 
family of boosts = exp(TT) providing us with the limit in Theorer nJ2.ll This 
is a pointwise action but consider a point p and assume this is regulaiQ implying 
that there exists a neighbourhood U such that the algebraic structure of the 
space does not change over U. Consider now a compact K C U neighbourhood 
of p. The boost Br acts pointwise, however, since K is compact, we can assume 
that the B-r does not depend on the point in K. Thus, with respect to the 
adapted frame, the boost will be constant over K: 

Note that such a boost will transform the curvature tensors at p as follows: 

exp(rT)(T)b = exp(rb • A)(T)b. (18) 

Now, in relation to the e-property cni, we have that this boost manifests the 
limit: 

X = X + N. 

Furthermore, since K is compact, ||iV|| will have a maximum, A^max, over K so 
that ||iV|| < A^max; consequently, 

||^-X|| < AT^ax. 

In the VSI case, V = 0, so that X = N and the e-property implies the compo¬ 
nents can be arbitrary close to flat space. 

Consider now the action of the boost B^- The vector V is a direct sum of 
tensorial objects implying that, since it must be of type III, or simpler, that 
there is an a > 0 such that 

\\Br{N)\\<e-‘^^\\N\\<e-^^N^^^. 

We can assume that the neighbourhood t/ is a coordinate patch and map U into 
with p at the origin. Then we can assume that the compact neighbourhood 
AT C We now consider the V = V as a set of differential equations on U as 
follows: 

Express the components of the Riemann tensor (relative to the adapted 
frame) in terms of the spin-coefficients F^^^ in the standard way: 

+ (r*F)%,, (19) 

where F*F indicates the quadratic terms in the spin-coefficients. Similarly, the 
covariant derivatives, can also be expressed using the spin-coefficients: 

VR = vR(aar,ar,F), vvr = vvi?(9aaF,aar,aF,r), etc. 

We thus replace the left-hand side ot X = N with a PDE: 

PDE[r] = N. (20) 

The relation between the frame da and F are given via: 

[da,dp] = -{r'^^^-r'^pd,. (21) 


^In the sense of m-, i-e., the number of independent Cartan invariants do not change at p. 
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The eas. (Eni) and (1^ provide us with a set of PDEs and integrability conditions 
over the neighbourhood U in terms of the functions T^^^. We can now consider 
the “boosted” set of equations 

PDE[r] = Br{N) (22) 

over U. This gives us a one-parameter family of equations. Since Br{N) can be 
made arbitrary small, this can be seen as a pertubation of a PDE describing flat 
space. Let us now consider the Cartan equivalence problem which will give 
us a more direct perturbation. Let us make sure we consider sufficient number of 
derivatives in X to satify the Cartan bound. Consider the point p. For every r 
there is an inverse boost so that the Br{N) is mapped onto X = N. Considering 
the boost that leaves the point p fixed, then the equivalence principle implies 
that there exists a diffeomorphsim (j)r that maps K onto 4)r{K), leaving p fixed, 
and induces (through cj)*) the boost Br acting on the tangent space at p. The 
diffeomorphism does not necessarily map K into itself. Consider an increasing 
sequence r„ such that oo, and define Kn = (/)r„ (/!"), which is compact. In 

particular, Kn is closed and p G Kn- This implies further that p G KO (Pl^^ Kn) 
(and closed). 

Note that the set K n (P„ Kn) may not be a neighbourhood, indeed, in many 
cases it may be a single line. Thus, the limiting procedure may result in a mere 
pointwise result at p causing the functions P to not necessarily have the right 
functional dependence in the limit r —>■ oo over K. Thus in the limit we should 
only consider the value of T restricted to the set K n ((p^ Kn). On the other 
hand, for finite, the result applies to a neighbourhood. 

It is thus more appropriate to consider the following perturbed PDE: 

PDE[f] = BnirAN)) (23) 

where (j>*{N) should be thought of as acting on the components of N as func¬ 
tions; i.e., if Na...b is a component, then (j)*{Na...b) = Na...b o <!> [TT] . 

Assuming we are considering a certain metric g, we know that there exists 
a set of equations to this PDE. In particular, there is a continuous family of 
solutions r(T) which solves eg. (12^ . Moreover, over the compact region Kn, 
since this is a perturbed PDF implies that it satisfies a Cauchy property, namely, 
there exists an increasing sequence oo, such that for any e > 0, there exists 
an M such that: 


n,m>M ^ ||f(T„) - f(rm)|| < e. 


(24) 


The diffeomorphsm (j)n acts as follows on the connection [Min]: if rj is the 
connection form, then = $7, where (pr is the induced transformation on the 
frame bundle and is the transformed connection, we get over U: 


+ Ml 


a, 5 




Furthermore, since p = (prip), we have T^^^ = (f)*{T''^g) at p. Moreover, in 
the aforementioned frame, we have M\ ^ = —M\ fi = —M\ ^ while all 

other components of g are zero. 

Eq. (IMl) implies that the connection coefficients can be chosen to be arbi¬ 
trary close to flat space. Component-wise we have \^°‘p.y{Tn) — < e. 
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Since some of the components of the connection transforms as tensor compo¬ 
nents under the boost, if the component has boost-weight b, we get: 

\f°‘p^{Tn)= | exp[b • - exp[b • AT™]r“^^| 

= exp[b • Ar„] |r“^^ - exp[b • \{Tm - r„)]r“^^| 

< e. (25) 

If we fix m, then it it is clear that: 

b • A < 0, or = 0 for b • A > 0. 

This is valid for an arbitrary point p € t/; hence it is valid everywhere in the 
neighbourhood. 

We can now consider the connection coefficients that transform tensorially, 
and consider the various cases. By a simple geometric argument, we get: 

1. K, = K = p = p = a = a = 0, and hence Kundt; or 

2. k = p = a = f = 0, and hence, a Walker space possessing an invariant 
null 2-plane. 

II. The direct method Before we embark on the direct method let us remind 
ourselves of some useful identities and formulae. The covariant derivative of a 
tensor T has the formal structure: 

VT = dT - Er *r, (26) 

where the dT indicates the partial derivative piece, and the T * T indicates the 
algebraic piece where T are the spin-coefficients. Furthermore, also useful are 
the 2nd Bianchi identity and the generalised Ricci identity: 

^ab{cd;e) 0; 

k 

[Vq, Vf,] rci...Cfc = aabi 

i=l 

which enable us to permute covariant derivatives up to algebraic terms. We 
note that all the algebraic terms are of lower order in derivatives of T. 

Assuming that T fulfills the N'^-property, there are therefore two potential 
ways the covariant derivative VT of the tensor can violate the N'^-property; 
namely, through the components of the partial derivatives propagating the com¬ 
ponents of T across the b • A = 0 line in boost-weight space, and the algebraic 
terms. At every level of covariant derivatives we can thus first permute the 
derivatives as much as possible, and the impose the necessary conditions on 
the remaining components. Thus we ensure that the N^-property is valid at 
every lower derivative so that when using the Ricci identity it does not involve 
N'^-property breaking terms through the algebraic piece. 

Let us first split the Riemann tensor into its irreducible parts R, Sab, 
and For a VSI space i? = 0 so the trace-free Ricci tensor. Sab is equal 

to the Ricci tensor Sab = Rab- 


(27) 

(28) 
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Then consider a non-zero Ricci tensor. By considering RacR'^i, or higher 
powers if necessary, we can assume the Ricci tensor is of the form (brackets 
mean symmetrisation): 


R = a£i + b{£rh) -|- crhrfi. (29) 

We need to compute the derivatives The various cases depend on the 

components a, b and c and let us consider these in turn. 

ac ^ 0 . Here, we can boost so that a and c are both constants. Computing 

first VqR, some of the components are proportional to: 

(—1, 2 ) : aa, (0, 1 ) : aR, 

(1,0): CCT, (2,-1): cR; 

consequently, by the N'^-property, It = tr = 0. Computing V^Voi? we get 
similarly p = f = 0. Thus this is a Walker space. 

ab ^ 0, c = 0 . Here, we can boost so that a and b are both constants. Con¬ 

sidering the 1 st derivative, VaR, we get (among others) the components: 

(—1,2) : aa, (0,1) : aR, 

(0,1): ba, (1,0): bR, (0,-1): bp- 

hence, there are two possibilities R = p = 0, or R = a = 0. By computing 
VfcVaR, we quickly get p = 0. Thus we need to consider the two cases d 7 ^ 0, 
and (7 = 0. 

From the 2nd derivative, and the Law’s eq. (3.4) in [4], we get the conditions: 

ap = aa = an = TK = Ta + pf = 0. (30) 

If (7 7 ^ 0, then p = K = a = T = 0, and consequently Walker. 

Assume then a = 0. If f = 0, then the space is again Walker. Left to 
consider is therefore r 7 ^ 0 and R = a = p = 0. From the equations above, we 
thus get K = p = 0 also. If cr = 0, then the space is Kundt. We need thus to 
check if CT ^ 0. By computing and we get numerous constraints 

from the requiring the N^-property. Most of these are the same as the Bianchi 
identity. Imposing these and some algebraic conditions on the spin-coefficients, 
we get the following b.w. ( 0 , 0 )-component to be: 


R22;4311 = 12f^cr6. 


By the N'^-property this component has to vanish which is contradictory to the 
assumptions given above. Hence, the space has to be either Walker or Kundt. 


b^0,a = c = 0 Here, we notice that there is a discrete symmetry which flips 
boost-weight space with respect to the line 61 — 62 = 0. Using this symmetry, 
the case here essentially reduces to the case ab ^ 0 above. Thus also here the 
N'^-property implies Walker or Kundt. 
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a^0,& = c = 0 . Lastly we need to consider the case when only a is non-zero. 

First we look at Using the symmetry {bi,b 2 ) M- (5i,— 62 ) we get the 

conditions: 

k = a = p = p = 0. (31) 

In addition the vanishing of the (0,0) components implies kt = 0. If f = 0, 
then the space is Walker. Assume thus f 7 ^ 0, implying k = 0. 

In addition, the Bianchi identities need to be fulhlled. Imposing these and 
computing the symmetric 2 -tensor DRab, we note that this is of the following 
form: 

□i? = AU -b B{lrh) + dm. (32) 

If i? or (7 is non-zero, then the previous computations implies that, by consid¬ 
ering possibly 4 more derivatives, that its Walker or Kundt. The requirements 
B = C = 0 impose additional conditions on the spin-coefficients. Eventually, 
after possibly 4 more derivatives, also this implies its Walker or Kundt. 

The Weyl tensor Let us now consider the self-dual (or anti-self-dual by 
orientation reversion) Weyl tensor. This needs to be of type III, N, or O, see 
[7]. If it is of type III, then (W^)^ as a bivector operator, is of type N. Consider 
thus the case of type N. By discrete symmetries, we can thus assume that (in a 
short hand notation): 

= 4>{£ Am){£ Am). (33) 

We note that the discrete symmetry that act on boost-weight space as ( 61 , 62 ) '—>■ 
(— 62 , —bi), leaves W~^ invariant. By computing the second covariant derivative, 
VbVakF^, we pick out the following components (including their boost-weights): 

UaTib^m Am){m Am) : oc (2,0) 
mamb{m A m){£ A n) ■. oca^, (0,-2) 
mamb{m A m){m A m) ■. oc (0,2) 

By the N'^-property of IF+ and and using the remaining discrete 

symmetry we thus get the two cases: 

K = CT = 0, or n = p = 0. 

Consider first k = cr = 0. Computing V^VoV^ValU^, in particular the 
component mami,mcmd{m A n){m An) oi of boost weight (2, 2). Again, 
utilising the remaining discrete symmetry this must be zero. Thus, k = a = 

p = 0. 

Hence, we are left with k = p = 0, while cr need not be zero. Assume thus 
that ( 7 ^ 0 . Using the 2nd derivative once again, but this time the components: 

nianbim An){£ Am) (X ka, (1,1) 
maThbim An){£ Am) X pa, (0,0) (34) 

thus, k = p = 0. From Law’s eq.(3.4a) in [4], it now implies that aa = 0; hence, 
a = Q. 

Thus we are in the situation where we are of one of the following cases: 
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1 . K = k = p = p = d = Q,a^O. 

2 . K = p = a = 0. 

It is important here that we keep track of the components of the lower deriva¬ 
tives. 

Consider next the first case where cr 7 ^ 0. Then using the 4th derivative, we 
get the component: 


rhamb£crhd{rh A n){rh A m) oc cr^f^, 

of boost weight ( 0 , 0 ); consequently, f = 0 and thus all the tilded variables 
k = p = a = f = 0, and this is thus a Walker space. 

We are left to consider the second case where k = p = a = 0. If r = 0, we 
have a Walker space. Assume thus that t 7 ^ 0. By computing the 4th derivative, 
we notice that one of the components, 

rha'nib£cid{f- A n){i An) (x 

This component has boost-weight (-2,-2) and has the same boost-weight as 
W~^ under the exchange of tilded spin-coefficinents with non-tilded ones. After 
a lengthy computation, sometimes needing to go to 8 th order, we get that 
k = a = p = 0 (analogously as above). Thus, implying that this is a Kundt 
space. 

If W~^ but W~ 7 ^ 0, then we can consider the discrete symmetry which 
interchanges tilded spin-coefficients with non-tilded ones: x x, where x is the 
spin coefficients. Then an identical computation as above implies that the space 
is either Walker with an invariant null 2-plane, or Kundt. The theorem follows 
then from these considerations. 

Although the argument involves 8 th derivatives, it is suspected that the 
number of derivatives needed is less that this. In particular, no examples of 
spaces which are VSIfc but not VSI^+i are known for fc > 3. The example eq. © 
is VSI 3 but not VSI 4 , however, this is a Walker metric which is a restricted 
class. This example, and an explanation of how this example can be extended 
to other similar examples, will be given later. However, a question still remains: 
Are there examples of non-Walker metrics which are VSIfe but not VSIfc+i for 
/c> 3? 

3.4 Neutral VSI metrics 

3.4.1 4D Neutral case: Kundt metrics 

Using 


ds^ = 2 {in — mrh). (35) 

We will consider the pseudo-Riemannian Kundt case for which the transverse 
space is 2-dimensional. Requiring the N-property, this must be flat space (see, 
[SI [IS]). Therefore, we can write: 


-2mm = 2dUdU = -dT^ -k dX^. 
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There are two classes of 4D Neutral Kundt VSI metrics, they can be written 

[SI IE]: 

ds^ = 2du (du + Hdu + IV^^dx''^) + 2d?7dV, (36) 

where: 

Null case: 

= vW^^\u,U)dU+ W^°\u,U,V)dU+ wl,°\u,U,V)dV, 

H = vH^^\u,U,V) + H^°'>{u,U,V), (37) 


Spacelike/timelike case: 

Wf,,dxi^^ = vW''^'>dX+ W^°\u,T,X)dT + W^°\u,T,X)dX, 

2 2 

H = +vH^^\u,T,X) + H<^°\u,T,X), (38) 

and 

^(1) ^ e = 0,1. (39) 

We note that these possess an invariant null-line if = 0, and a 2- 

dimensional invariant null-plane if Wy^ = 0 for the null cas(H. 


3.4.2 4D Neutral signature: Walker metrics 

This class of metrics provides us with a new set of VSI metrics which have not 
been considered before. This is due to the fact that these VSI metrics does 
not in general possess the N-property, but rather the weaker requirement of the 
N'^-property. 

Using the following Walker form, 

ds^ = 2dM(du -I- Adu + CdU) -I- 2dU{dV + BdU), (40) 

the result can be summarised in the following theorem: 

Theorem 3.3. Consider the metric where 

A = vAi{u,U) + V A 2 {u,U) + Ao{u,U), 

B = VBi{u,v,U) + Bo{u,v,U) 

C = C-i{u,v,U) + VC2{u,U)+Co{u,U). (41) 


Then the following holds: 


1. The metric is a VSIi space. If 






then it is not VSl 2 - 

^In order for the spacelike/timelike case to possess an invariant null 2-plane, it needs to be 
a special case of the null case. 
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If 


Bi = vBii{u,U) + Bio{u,U) 

Cl = v^Ci2{u,U)+vCii{u,U) + Cio{u,U), 


then it is a VSI 3 space. If in addition, 


^2 


dv^ 


0 , 


then it is not VSI 4 . 

3. If eq. 14-Sfj holds and, in addition: 

Bo = v^Booiu, U) + v^Bo 2 {u, U) + vBoi{u, U) + Boo{u, U) 


(42) 


(43) 


then the space is VSI. 

The proof is this result is partly by direct computation of the curvature 
tensors and requiring N'^-property. Let us indicate how the proof goes and in 
the process we elude to how these can be generalised. 

Starting with the Walker form eq. (HOI) we can compute the Riemann tensor. 
We notice that the metric gives Riemann components in the lower triangular 
part of boost-weight space. Let us for short use notation such that the basis 
one-forms are 


Lo'^} = {dit, du -I- Adu + CdU, dlJ, dV -b BdU} (44) 

Then a component of a tensor would have the boost-weight as follows (indices 
downstairs): 

( 6 i, 62 ) = (#(1)-#(2),#(3)-#(4)); 

i.e., the component R1223, say, will have boost-weight (— 1 , 1 ). 

For the Walker metric the components of interest in relation to the N*^- 


property are: 

(2,-2): Bi414 = —(45) 

(1,-1): R 1214 =—^C^yy, Ri434 = —B,vV (46) 

( 0 , 0 ): Ri 2 i 2 = —A^yy, R 1234 = —^C^yv R3434 = — B .vv (47) 

( — 1 , 1 ) : i?1223 = A^yV^ R 233 A = \Cyv, (48) 

(— 2 , 2 ) : R 2323 = —Ayv (49) 


while iR){bi,b 2 ) = 0 foi' ^ 1+^2 > 0. Thus the Riemann tensor automatically 
satisfies the -property. In order for it to satisfy the N'^-property we can set 
the components (2, —2), (1, —1) and (0,0) to zero. Solving these equations gives 
the functional dependencies as given in dUD. This is thus a VSIq space. Indeed, 
by direct computation we note that V(Riemann) satisfies the N^-property also, 
hence, it is in addition VSIi. 

Assume then that (HD) is satisfied. Regarding the (Riemann) we note 
that this does not necessarily satisfy the N'^-property (thus not VSI 2 ). One such 
nonvanishing scalar is Rabcd-,ef However, component-wise, the critical 

components are: 

Bi 424;33 = ^2(Bi)^i,„, i?2324;ll = ^^2 (2(Bi)^„„ — {Ci)^yyy) . 
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These give rise to the conditions mentioned and equating these to zero gives the 
solutions (HU). Satisfying ea. (H^ will now give the N'^-property and thus VSI 2 ; 
indeed, VSI 3 by direct computation. 

Thus assume (ITT]) and (IT^ are satisfied. Computing we 

get: 

Rabcd-.efghR"''^'’'’"^^'^ = 576[{Bo) AI 

Hence, it is not VSR if A 2 {Bo),vvvv 7 ^ 0. Requiring that (i?o),u«D« = 0, gives 
the solution in (l43ll and by inspection (Riemann) satisfies the N'^-property. 
This is sufficient for the metric to be VSI. 

We note that this proof also provides us with examples of metrics being VSI 3 
but not VSR. For example, if (ITT]) and (IT^ are satisfied, but A 2 , 7 ^ 0, 

then it is VSR but not VSR. The example given in the introduction, eq. m is 
perhaps the simplest member of this family. 

Similarly, metrics being VSR but not VSR can be found analogously; as a 
simple set of examples of metrics of this kind: 

= 2du{dv + Vdu + hv^dU) + 2dU{dV + aVv^dlJ), (50) 

where a and b are constants, or functions depending on {u,U), not both being 
zero. 


4 Discussion 

In this paper we have studied pseudo-Riemannian metrics with degenerate cur¬ 
vature structure in the sense that they are not characterized by their polynomial 
curvature invariants. In particular, we related these to the Sf^-property. Specif¬ 
ically, we have three main results: 

1. In a pseudo-Riemannian space of arbitrary dimension and signature, a 
space (tensor) not characterized by its polynomial invariants possesses 
the S)^-property. 

2. In the special case where the invariants vanish, the space (tensor) must 
possess the N'^-property. 

3. In 4D neutral signature, a VSI space is either Kundt or a Walker space. 

Indeed, in the latter case we constructed a new family of Walker VSI spaces. 
This shows that in the pseudo-Riemannian case these Walker metrics can pro¬ 
vide new examples of metrics not being characterized by their invariants. In¬ 
deed, using the ideas given in this paper examples of VSI Walker metrics can be 
given in any signature (/c, k + m) where k >2. As an example, the following is 
a neutral VSI Walker metric (with a 3D invariant null-space) in six dimensions: 

ds^ = 2du{dv + Vdu) + 2dU{dV + VdU) + 2dU{dV + v'^dU). 

In future work, pseudo-Riemannian VSI metrics will be studied further and 
the ultimate aim is a full classification of VSI metrics in any dimension and 
signature. 



18 


S. Hervik 


References 

[1] V. Pravda, A. Pravdova, A. Coley and R. Milson, 2002 Class. Quant. 
Grav. 19, 6213 |gr-qc/0209024 ; A. Coley, R. Milson, V. Pravda, A. Prav¬ 
dova, 2004, Class. Quant. Grav. 21, 5519; A. Coley, A. Fuster, S. Hervik 
and N. Pelavas, 2006, Class. Quant. Grav. 23, 7431. 

[2] A. Coley, S. Hervik and N. Pelavas, 2009, Class. Quant. Grav. 26, 
025013 [arXiv:0901.0791 ; A. Coley, S. Hervik, G. Papadopoulos and 
N. Pelavas, 2009, Class. Quant. Grav. 26, 105016 [arXiv:0901.0394 ; A. 
Coley, S. Hervik and N. Pelavas, 2006, Class. Quant. Grav. 23, 3053 
arXiv:gr-qc/0509113 

[3] A.G. Walker, 1949, Quart. J. Math. (Oxford), 20, 135-45; A.G. Walker, 
1950, Quart. J. Math. (Oxford) (2), 1 , 69-79 

[4] P.R. Law, 2009, J. Geom. Phys. 59: 1087-1126 

[5] S. Hervik, 2011, Class. Quant. Grav. 28, 215009 arXiv: 1109.2551 
[gr-qc] . 

[6] A. Goley, R. Milson, V. Pravda and A. Pravdova, 2004, Class. Quant. 
Grav. 21, L35 gr-qc/0401008 ; V. Pravda, A. Pravdova, A. Coley and R. 
Milson, 2002, Class. Quant. Grav. 19, 6213 arXiv:0710.1598 . A. Coley, 
2008, Class. Quant. Grav. 25, 033001 (arXiv:0710.1598 . 

[7] S. Hervik and A. Coley, 2011, Int. J. Geo. Meth. Mod. Phys., 08: 1679 
arXiv:1008.3021 [gr-qc]]. 

[8] S. Hervik and A. Coley, 2011, Class. Quant. Grav. 28, 015008 
arXiv: 1008.2838 [gr-qc]]. 

[9] S Hervik and A. Coley, 2010, Class. Quant. Grav. 27, 095014 
arXiv:1002.0505 ; A. Coley and S. Hervik, 2009, Class. Quant. Crav. 
27, 015002 [arXiv:0909.1160 . 

[10] S. Hervik, 2011, Class. Quant. Crav. 28, 157001 arXiv: 1107.3210 
[gr-qc] . 

[11] R. Goodman and N.R. Wallach, Symmetry, Representations and Invari¬ 
ants, Springer, 2009. 

[12] R.W. Richardson and P.J. Slodowy, 1990, J. London Math. Soc. (2) 42: 
409-429. 

[13] P. Eberlein, M. Jablonski, 2009, Contemp. Math. 491: 283. 

[14] R. Penrose and W. Rindler, Twistors and Space-time, Cambridge Uni. 
Press, volumes 1 & 2 (1986); M. Dunajski, J. Phys. A42 (2009) 
404004; M. Dunajski, Proc. Roy. Soc. Land. A458 (2002) 1205-1222; 
M. Dunajski and P. Tod, Math. Proc. Cam. Phil. Soc. 148 (2010) 
485, arxiv:0901.2261v3 [math.DG]; A.S. Galaev, arXiv:1002.2064vl 
[math.DG] 





Pseudo-Riemannian VSI metrics II 


19 


[15] A. Alcolado, A. MacDougall, A. Coley and S. Hervik, 2012, J. Geom. 
Phys. 62: 594 arXiv:1104.3799 [math-ph]. 

[16] H Stephani, D Kramer, MAH MacCallum, C A Hoenselaers, E Herlt 2003 
Exact solutions of Einstein’s field equations, second edition. Cambridge 
University Press; Cambridge 

[17] S Kobayashi and K. Nomizu, 1963, Foundations of Differential Geometry, 
Volume 1 (Interscience Publishers). 



